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Overview

Let G be a real reductive Lie group.

Problem

—

Find all irreducible admissible representations of G.

Tool (as DAV explained in the last lecture):
The Langlands classification says:

Representations correspond to pairs (H, x), up to conjugation by G.
Here H is a Cartan subgroup (CSG) of G, and x a character of H.

Understand conjugation by G:

e Find the conjugacy classes of Cartan subgroups (CSG)

@ For each CSG H, compute the real Weyl! group
W(G,H) = Ng(H)/H = Nk(H)/(HNK)
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Goal: Find H/ W(G, H) for all conjugacy classes of CSGs H.

To find all (theta stable) H, we find lots of CSGs, show they are pairwise
not conjugate, then show that these are all.

Tool: Kostant's “Cascade construction”.

Need:

e Fundamental (maximally compact) Cartan subgroup Hyp = Centg (ho)

o A= A(gc, hoc)
o W(G, Ho)

CSGs are in bijection with sets of strongly orthogonal (i.e., orthogonal,
and no sum or difference of two is a root) noncompact imaginary roots, up
to conjugation by W(G, Hp).

Annegret Paul (Western Michigan University) Real Weyl Groups 19 July, 2012 3/31



Example: G=SL(2,R)

Ho = K = 50(2), A = {+£a}, a is noncompact.
K acts trivially on Hp, so W(G, Hp) = {1}.

Sets of strongly orthogonal roots: @ and {a}, corresponding to Hp and

S (G

0 1
-1 0
conjugation preserves eigenvalues, this is the only nontrivial Weyl group
element. So W(G, Hy) ~ Z /27, with the nontrivial element acting by
inversion on IR*.

The element 0 = < > € K switches the diagonal entries. Since

/H\o/W(G, Ho) «+— Z, k € Z = xi(e?) = ¥,

Hy «— Z/2Z x C, X(ew)(r) = sgn(r)|r|", (e,v) ~ (e, —v).
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Example GL(2,R)

Ho = ToAo ~ C*, To = SO(2), Ao = {(6 8)} ~ RY

W (G, Hy) = W(K, Tp) (since Ag is in the center of G).

o= ((1) _01> € O(2) acts by inversion. Conjugation preserves
eigenvalues and trace, so this is the only nontrivial element.

W(G, Hy) ~Z/2Z.

A = {£a} noncompact imaginary. As for SL(2,IR), we have two CSGs,
Ho and the diagonal split Hy ~ (R*)?.

(_01 (1)> € K switches the diagonal entries, and that is the only
possibility.

W(G, Hy) ~ Z/2Z.
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GL(2,R), representations attached to the fundamental CSG

Hy = C*, so H\o +——Z xC, X(kvv)(re"e) = I’Veike.
W(G, Ho) : (k,v) ~ (—k,v)

Which representation does this parametrize?

Real parabolic Py = MyAoNo,

Mo = SL(2,R)*, k < discrete series or limit of d.s. o) of Mg

v <> character of Ag

7t(k,v) = Langlands quotient of Ind,fo(ak ®RU®1).

(This is, of course, just 0k ® Xy in this case, since G = Py and Ny is

trivial.)
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GL(2,R), representations attached to the split CSG

Hy = (R*)?, so Hy +— (Z/2Z)* x (C)?

W(G, Hl) : (61,€2,1/1,1/2) ~ (62,61,1/2,1/1)

Real parabolic: minimal parabolic P; = T1A1 Mg,

_ om0y _Jfn 0. _ o«
H—{(o ,72>.n,—i1},A1—{<0 rZ).r,GIlh}
0 r O € € % v
X(€1~€2xV1vV2) <<;Z)1 ;72> <01 f2>> :77117722r11r22

7t(€1, €2,v1,v2) = LQ of the minimal principal series

Indlgi (X(el,ez,vl.vz) ® 1)

Note: The principal series LQ 77 (1,0, %, %) coincides with 77(0, v)
(attached to Hp) for any v.
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GL(4,R) (towards GL(n,R))

K = O(4) has rank 2, so Ty = SO(2)?
Ao = (R%)?, and Hy = ToAg =~ (C*)?

r x 0 0
—x r 0 0

Ing ho= (¢ X = 0 0 s vy :rs,x,y €R
0 0 —y s

We also have Hy ~ C* x (R*)?, and Hp ~ (R*)*,

r x 00 r 000
. —x r 0 0 _J10 s 0 O
b1 = 0 0 s o’ h2=910 0 ¢ o
0 0 0 ¢ 000 u

Are these all?
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GL(4,R) continued

Let €1, €2, f1, > € b be defined by e1(X) = ix, e2(X) =iy, A(X) =,
fh(X)=s.

A= {:f:281, :|:2€2, :|:<°,1 :|:€2 + (fl - fg)}

A = {j:2£1, j:2£2}, all noncompact. Clearly, 2e; and 2¢5 are strongly
orthogonal. Are they conjugate?

0 00O

takes 2¢1 to -2¢5.

= O

0
0
1

It is easy to see that

O O O

1
0
0

o

Sets of strongly orthogonal nc roots: &, {2¢1}, {2¢€1,2¢e2}. So we have all
CSGs.
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GL(4,R) continued

Characters of the CSGs:

Ho ~ (Cx)z, o) l/-IT) —— 72 x C?

Hy ~ C* x (R*)? so Hj +— Z x C x (Z/2Z)* x C?
Hy ~ (R*)* so  H, «+— (2/2Z)* x C*

Note: Each set is a 4 parameter family of characters.

What about the real Weyl groups???
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Fix a CSG H = TA, and let M = Centg(A), so that MA is a Levi
subgroup of G.

Theorem (Vogan, 1C4)

W(G, H) ~ (W) x (W(MNK,H) x W,)
~ (We)? w (Wi x A(H)) x W)

o W, . is the Weyl group of the system A; . of compact imaginary roots
in A = A(gc, be);

o W, is the Weyl group of the system A, of real roots in A;

e A(H) is an abelian two-group which depends on the group G (not
just on the Lie algebra and root system); if G is “nice”, then
W; . x A(H) is contained in the Weyl group W; of the imaginary
roots in A. The group A(H) must preserve A, ..

o Let Ac ={a € A:wiscomplex and («,p;) = (a,p,) =0} (a root
system). Then W is the Weyl group of A¢, and (Wc)e the 6-fixed
part of it.
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GL(4,R), Fundamental CSG

Aic=2=A = W, and W, are trivial.

To compute the abelian 2-group A(Hp), consider A; , = {£2¢e1, £2¢e2}. If
our general element of h is written

r x 0 O
—-x r 0 O
X(x,y,rs) = 0 0 s y
0 0 —y s

the two root reflections change the sign on x and on y, resp. They are
represented by diag(1, —1,1,1) and diag(1,1,1,—1) in O(4).

So A(Ho) has rank 2, and order 4; it is isomorphic to W;.
Note: diag(1,—1,1,1) and diag(1,1,1, —1) are not in SO(4), but their

product is. In SL(4,R), A(Hp) has rank 1 and order 2. (Changing the
sign on both coordinates simultaneously.)
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The complex piece of the Weyl group

The group (W¢)°

Let Ac = {a € A: « is complex, and orthogonal to both p; and p,}.
Then Ac is a root system, which is the disjoint
union of two systems A; and Ay such that Ay = {6 (a) : 0 € A}.

Then (Wc)? is generated by the {sysp : & € A1}

For GL(4,R) and Hp, we can take p; = €1 + €2, and p, = 0. Then

Ac={%(e1—e) £ (h—hH)}
={+(e1—e2+h—h)}U{t(e1—eaa—fA+h)}.

Then (Wc)® = (w = sy84), where & = e1 — 2 + f; — fo.

w-X(x,y,r,s) = X(y,x,s, r) (switching the two C* factors)
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Parameters for GL(4,R)

W (G, Hp) has order 8. The parameters attached to Hy are therefore:
(ki, ko, v1,1v2) € Z2 x C? with
(kl, kz, V1, 1/2) ~ (:l:kl, :|:k2,1/1, 1/2) ~ (kz, kl, V2, 1/1).

Note: MyAy = GL(2,R) x GL(2,R) — GL(4,R), and each pair (k;, v;)
determines a representation of GL(2, R).

For Hy ~ (IRX)A', all roots are real.

W(G, Hy) =~ W, ~ W(A3) ~ S,

The parameters are (€1, €2, €3, €4, V1, V2,V3,Va) € (Z/2Z)4 x C*,
up to permutation of the four indices.
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GL(4,R), CSG 1

Now for Hy :
r x 0 0
—-x r 00
X =X(x,rs,t):= 0 0 s 0 € b
0 0 0 t

Define ¢(X) = ix, A(X) =r, H(X) =s, (X) =t.

Ai=Ain={F2e}, A ={£(H—-h)},
complex roots {+e+ (f — h), et (A —f)}

W, ¢ is trivial.  A(Hi) has rank 1; it coincides with W; = (sp).
(Wc)? is trivial because no complex root is orthogonal to p;.

W, = (sf,—f,) (switching the two coordinates)

The parameters are (k,v,€1,€2,V1,12) € Z X C X (Z/2Z)2 x C2 with
(k,v,€1,€2,v1,12) ~ (—k,v,€1,€2,v1,v2) ~ (k,Vv,€2,€1,V2,11) .
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Checking with atlas: CSGs

Cartan #0:

split: 0; compact: 0; complex: 2

canonical twisted involution: e

twisted involution orbit size: 3; fiber size: 1; strong inv: 3
imaginary root system: ALl.Al

real root system is empty

complex factor: Al

real form #1: [0] (1)

real form #0: [1] (1)

Cartan #1:

split: 2; compact: 0; complex: 1

canonical twisted involution: 1,2,3,2,1

twisted involution orbit size: 6; fiber size: 1; strong inv: 6
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imaginary root system: Al
real root system: Al
complex factor is empty
real form #1: [0] (1)

Cartan #2:

split: 4; compact: 0; complex: 0

canonical twisted involution: 1,2,1,3,2,1

twisted involution orbit size: 1; fiber size: 1; strong inv: 1
imaginary root system is empty

real root system: A3

complex factor is empty

real form #1: [0] (1)

real:
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Weyl Groups; Fundamental CSG

real: realweyl
choose Cartan class (one of 0,1,2): 0
Name an output file (return for stdout, ? to abandon):

real weyl group is WC.((A.Wi.)xWF), where:
W€ is isomorphic to a Weyl group of type Al
A is an elementary abelian 2-group of rank 2
Wic is trivial

WR is trivial

generators for W¢:
1,3

generators for A

2

12,321

real:
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Weyl Group for CSG1

real: realweyl
choose Cartan class (one of 0,1,2): 1
Name an output file (return for stdout, ? to abandon):

real weyl group is WS.((A. Wic)xWR), where:
W€ is trivial

A is an elementary abelian 2-group of rank 1
Wi is trivial

WR is a Weyl group of type Al

generators for A

2

generators for WF:
1,2,32,1

real:
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Weyl group for the split CSG

real: realweyl
choose Cartan class (one of 0,1,2): 2
Name an output file (return for stdout, ? to abandon):

real weyl group is WS.((A. Wic)xWR), where:
W¢ is trivial

A is trivial

Wi is trivial

WR is a Weyl group of type A3

generators for WF:
1
2
3

real:
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GL(n,R)

Letm:LgJ,(Szn—2m:00r1.

Fundamental CSG: Hp ~ (C*)™ x (R*)°

There are m+ 1 CSGs: H; ~ (Cx)j X (]RX)"QJ- for0 <j<m.
H «— Zi x U x (2./22)" % x "%

Define a basis of hj analogous to before: ¢; and f; for 1 < j < j, and g; for
1<i<n-—2j.

Imaginary roots (all noncompact): £2¢; for 1 </ <.
This gives a root system of type (Al)j. W, = {1}, W; is an abelian
2-group of rank j.

Each reflection is represented by a (diagonal) element in O(n), so
A(H;) >~ (Z/2Z), inverting the elements of the SO(2) factors.
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GL(n,R) continued

Real roots: A, = {+(gi—g/) : 1 <i<I<n-2j}

W, ~ S,,_;, permuting the split factors.
Complex roots: {£e; e+ (fi — 1)} U{Le; £ (fi—g)}

Choose p; = Y_¢;, and p, arbitrary, then Ac = {£(e; —¢;) £ (i — f)},
a root system of type A; 1 X A;_1.

(Wc)9 ~ §; acts by permuting the C* factors.

7‘/7/ W(G, HJ) — {(kl, ceey kj,l/l, vy Vjy €14 o0y €n—2j, U1y ooy ,unf2j)} / ~
ki € Z, v, Ui € C, ¢; € Z/2Z, modulo:

permutation of the first j and the last n — 2j coordinates, and modulo sign
on the k;.

For each j, this is an n-parameter family of characters.
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New Example: G=S0(2,2)

K =5(0(2) x 0(2)), Ho =~ SO(2)?

0 x 0 0
—x 0 0 0
ho= Xy =14 o o y
0 0 —y 0

Define €1 (X(x,y)) = ix, €2 (X(x,y)) = iy.
Roots: A = A; = {:tsl + 82} all noncompact, Type A; X A;.
€1 — €2 and €1 + ¢ are strongly orthogonal;
Are they conjugate by W(G, Hy) = W, x A(Hp) = A(Hp)?

Recall that W; acts only by switching the coordinates, and/or changing
both signs.
Since A(Hp) C W;, the two roots are NOT conjugate.
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SO(2,2) continued

Notice: diag(1l, —1,1, —1) changes both signs, but no element of K
switches the two entries.

A(HO) = <5€1*€25€1+€2> ~Z/27Z

4 strongly orthogonal sets: @, {e1 — €2}, {e1 + €2}, {e1 —€2,€1 + €2},

Recall: Embedding GL(n,R) < SO(n, n)

Cartan (polar) decomposition: A € gl(n,R), A= U+ P with U € so(n),
P symmetric.

Then A +— <U P) € so(n,n), and this is a Lie algebra map.

P U

The CSGs of GL(n,IR) then map to CSGs of SO(n, n) (since both have
rank n).
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CSGs of SO(2,2)

0 x r O
X B = 0 0 r
H]__C ,f)l— X(x,r)— r 0 0 x
0O r —x O

0 0 r O

0 0O
Ho ~ (R*)? by = { X(r,s) = "0 0 g
0 s 0O

That makes only three.....

Notice: €1 —&o and €1 + €, are conjugate by
c=diag(1,1,1,-1) € 0(2,2)!

0 x r 0
H3I(TH10'712CX,[)3I X(X,I’)I rX 8 8 :;
0 —r x O
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Weyl groups for SO(2,2)

Fundamental CSG: W(G, Hp) is an abelian 2-group of rank 1;
Ho/W (G, Ho) : (k1, ky) € Z2 with (ki ko) ~ (—ky, —ko)

For Hy (or H3), if ¢(X) = ix, and f(X) = r, then A; = {£2¢}
(noncompact), A, = {:|:2f}, and there are no complex roots.

W; acts by inversion on SO(2), and the element diag(1, —1,1,—1) € K
has the same effect; i. e., A(Hy) has rank 1. W, acts by inversion on RY.

Hi/W(G, Hy) : (k,v) € Z x C with (k,v) ~ (£k, £v).

For the split Cartan, W(G, Hz) = W, the Weyl group of type A; X A;.

/H\Z/W(G, Hy) : (€1,€2,v1,12) € (Z/2Z)2 x C2,
(61,62,1/1,1/2) ~ (61.62. —V1, —1/2) ~ (62,61,1/2.1/1) ~ (62.61.1/2,1/1)
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A Word About O(2,2)

In O (2,2), we have only three CSGs, because €1 — €2 and €1 + € are
conjugate by o = diag(1,1,1,—1).

Notice that this reflection is NOT in W;! So O(2,2) is not "nice” as in
the Theorem.

Fundamental CSG: W(G, Hp) is an abelian 2-group of rank 2;
Ho/W (G, Ho) : (ki, ko) € Z2 with (ki, ko) ~ (ki ko)

For Hi, W(G, H1) and the characters are as for SO(2,2).

For the split Cartan, W(G, Hz) ~ W, x (), and
(61,62,1/1,1/2) ~ (61,62, :|:1/1, :l:l/z) ~ (62,61, :l:l/z, :|:1/1)
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O(p.q) versus SO(p,q)

The group O(p, q) is not "nice” (not in Harish-Chandra’s class). However,
SO(p,q) is.

Some theorems only apply directly to "nice” groups.
atlas only deals with nice groups.

For G = O(p, q), do the analysis for SO(p, q) first.

If p+ g is odd, then O(p, q) ~ SO(p, q) x {£I/d}.

For O(p, g) with p+ g even, check what conjugation by diagonal
elements does, as we did for O(2, 2).
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CSGs in G=SO(p,q)

Recall that if m < p, g then GL(m,R) — SO(m, m) — SO(p, q).

The CSGs of GL(m,R) then extend to CSGs of SO(p, q), by adding
SO(2) factors (and all of them may be obtained that way).

We get CSGs of the form
Hre = (C)" x (R*)" x SO(2)"~2

Here n = L%J, the rank of G, and r and t integers such that:

e 2r+t <min{p,q}
@ tis even if both p and g are, and t is odd of both p and g are

@ If 2r = p = g then there are two nonconjugate CSGs that are
isomorphic to (C*)" (they become conjugate in O(2r,2r)).
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For example:

G = SO(7,3) has rank 5.

There are three CSGs, corresponding to (r,t) = (0,1), (0,3), and (1,1).
Ho & R* x SO(2)*

Hy = (R)? x SO(2)?

H, 2 C* x R* x SO(2)?
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Real Weyl Groups: Exercise!

The End: Thank You!
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